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1. $C^{\infty}$-
$n$ $M^{n}$ $n+1$ $N^{n+1}$ $C^{\infty}$- $f$ : $M^{n}arrow N^{n+1}$
$p$ $p$ $(df)_{p}$ $n$
$f$ $M^{n}$ $f$
1 $n+1$ $N^{n+1}$ Riemann $g$ $C^{\infty}$- $f$ : $M^{n}arrow$
$N^{n+1}\delta^{i}$ , $f$ 2
(1) $f$ $\nu$ $df(TM^{n})$ $\nu$
( $\nu$ $f$ )
(2) $N^{n+1}$ ( 1 ) $T_{1}N^{n+1}$ $\nu$
$\nu$ : $M^{n}arrow T_{1}N^{n+1}$




$(N^{n+1},g)$ $n+1$ Riemann $T_{1}^{*}N^{n+1}$
$T_{1}^{*}N^{n+1}$ 1 $\eta$ $N^{n+1}$
Riemann $g$ $T_{1}^{*}N^{n+1}$ $T_{1}N^{n+1}$
$f$ $\nu$ : $M^{n}arrow T_{1}N^{n+1}$ Legendre
( $L$ Legendre $L$ $\eta$
) Legendre
2

















C$\infty$- $f$ : $M^{n}arrow R^{n+1}$ $f$ $R^{n+1}$
2. $A_{k+1}$
$k\geq 1$ $A_{k+1}$
3 $p,$ $q_{\in R^{n}}$ $U,$ $V$ 2 C$\infty$-
$f:(U,p)arrow(R^{n+1}, f(p))$ , $q:(V, q)arrow(R^{n+1}, g(q))$
( ) $U$ $V$ $R^{n}$
$\varphi$ $f(p)$ $f(q)$ $R^{n+1}$ $\Phi$





$\dagger\grave$R $f\sim$ $\#f^{*}g$ $\dagger\backslash R$ $\Leftrightarrow$ $Hl\ovalbox{\tt\small REJECT}$ $ff_{\backslash }$ }‘




$P(t, x)$ $:=x_{0}+\tau_{1}t+J_{2}^{\backslash }t^{2}+\cdots+:r_{k}t^{k}+t^{k+2}$
$x=(x_{0}, \ldots, x_{k})$
${\rm Im}(f_{k})=\{x\in R^{k+1};t\in R$ $P(t, x)= \frac{\partial P}{\partial t}(t,x)=0$ $\}$
11
( $A_{2}$- ) $k=1$
$f_{1}(t, x_{2}, \ldots,x_{n})=(2t^{3}, -3t^{2}, x_{2}, \cdots x_{n})$
$fi$ ( $A_{2}$ ), 3/2-cusp $R^{n-1}$
$n=1$ ( ) 3/2-
cllsp $n=2$ CuSpidal
edge$\lrcorner$
( $A_{3}$- ) $k=2$
$f_{2}(t,x_{2}, \ldots,x_{n})=(3t^{4}+t^{2}x_{2}, -4f^{3}-2tx_{2}, x_{2}, \cdots x_{n})$
$f_{2}$ ( $A_{3}$ ), $R^{n-2}$
$n=2$ ( ) $A_{3}$
3. $A_{k+1}$
$U$ $(R^{n}, u_{1}, \ldots,u_{n})$ $f$ :
$Uarrow R^{n+1}$ $\nu:Uarrow S^{n}$ $U$ $f$
















$\eta;\Sigma_{f}\ni q\mapsto\eta_{q}\in T_{q}U$ ( $\Sigma_{f}$ )
( )
12
5 ([15],[25]) $f:Uarrow R^{n+1}$ $p\in U$
$\eta$ ? $($Vl, $v_{2},$ $\ldots,$ $v_{n-1})$ $\Sigma_{f}$ tangent
frame field $v_{j}$ $\Sigma_{f}$ $U$
$\mu:=\det(v_{1},v_{2}, \ldots, v_{n-1},\eta)$ (1)
$\Sigma_{f}$
$C^{\infty}$-
(1) $p$ $A_{2}$ $\mu(p)\neq 0$
$\Sigma_{f}$
(2) $p$ $A_{3}$ $\mu(p)=0$ $d\mu_{p}(\eta)\neq 0$
1.
$n=2$ $R^{3}$ $A_{2},$ $A_{3}$
[15] $A_{k+1}$
( [25]).
$A_{2}$ $A_{3}$ 2 $R^{3}$ $c\infty$-













$U$ $uv$- $R^{2}$ $f$ : $Uarrow R^{3}$ $\nu$
$\lambda:=\det(f_{u}, f_{v}, \nu)$ (2)
$U$
$\lambda(u, v)$ $f(u, v)$ $p\in U$









$\eta(t)$ $(\dot{\gamma}(t), \eta(t))$ $U$
$\kappa_{s}:=sgn(\lambda_{\eta})\frac{\det(\dot{\hat{\gamma}},\ddot{\hat{\gamma}},\nu)}{|\dot{\hat{\gamma}}|^{3}}$ (3)
$\hat{\gamma}(t)$












$M^{2}$ 2 $C^{\infty}$- $f$ :






$\chi(M^{2})$ $M^{2}$ Euler $K$







2 Kossowski $\kappa_{s}d\tau$ l-form
15
5: ( $\lambda<0$)







$2 \deg(\nu)=\frac{1}{2\pi}\int_{M^{2}\backslash L_{f}}$ $Kd\text{\^{A}}=\chi(M_{+})-\chi(M_{-})+\# S_{+}-\# S_{-}$ (7)
$\deg(\nu)$ $f$ Gallss $\nu:M^{2}arrow S^{2}$
Langevin-Levitt-Rosenberg [17]
1995 3. $s_{+}(S_{-})$ ( )






































10 $M^{n}$ $n$ $TM^{n}$ $E$ $M^{n}$
$n$ $E$ $\{$ , $\}$ $D$
$\varphi:TM^{n}arrow E$
$(E, \varphi, \langle, \rangle, D)$ (coherent tangent bundle)
$M^{n}$ $X,$ $Y$
$D_{X}\varphi(Y)-D_{Y}\varphi(X)-\varphi([X, Y])=0$ (8)












3 $M^{n}$ $n$ $(N^{n},g)$ Riemann $C^{\infty}-$
$f:M^{n}arrow N^{n}$ $E:=f^{*}TN^{n}$
$N^{n}$ $TN^{n}$ $f$ $g$ $E$ $\langle,$ $\rangle$
$g$ Levi-Civita $f$
$\varphi:=df$ : $TM^{n}arrow E$ , $M^{n}$
4 $(N^{n+1}, g)$ $(n+1)$- Riemann $f:M^{n}arrow N^{n+1}$
$\nu$ $f$ $N^{n+1}$
$M^{n}$ $f^{*}TN^{n+1}$ $\nu$ $M^{n}$
$E$ $E:=\{v\in f^{*}TN^{n+1};\langle v, \nu\rangle=0\}$
$g$
$\langle,$ $\rangle$ . $(N,g)$ Levi-Civita
$\nu$ $E$ $\langle,$ $\rangle$
$\varphi:TM^{n}\ni X df(X)\in E$ $(E, \varphi, \langle, \rangle, D)$
5 $(N^{n+1}(c), g)$ $(n+1)$- ( )
$f$ : $M^{n}arrow N^{n+1}$ (c) $\nu$ $f$
$\varphi$ $\psi:TM^{n}\ni X D_{X}\nu\in E$
$(E, \psi, \langle, \rangle, D)$ 2 $\varphi$ $\psi$
(
)









11 [27] $(E, \varphi, \langle, \rangle_{)}D)$ $\varphi$
$\psi$ : $TM^{n}arrow E$ $(E, \psi, \langle, \rangle, D)$ 2
(10) (11) $Ga$llss
$\langle R^{D}(X,Y)\xi,\zeta\rangle=c\det(_{\langle\varphi(X),\xi)}^{\langle\varphi(Y),\xi\rangle}$ $\{_{\varphi(X),\zeta}^{\varphi(Y),\zeta}\})+\det(_{\langle\psi(X),\xi}^{\langle\psi(Y),\xi}\}$ $\{\begin{array}{l}\psi(Y),\zeta\psi(X),\zeta\end{array}\})$ ,
19
$R^{D}$ $D$ $X,Y\in T_{p}M^{n}$ ,









$M^{2}$ 2 $(E, \varphi, \langle, \rangle, D)$
$M^{2}$ $E$ ( )
$M^{2}$ $E^{\cdot}\wedge E$ $C^{\infty}$-section $\mu$ $E$ $e_{1},$ $e_{2}$
$\mu(e_{1}, e_{2})=\pm 1$
$\varphi$ $p\in M^{2}$ $p$ $M^{2}$





$p$ $t$ $Ker(\varphi)$ $\eta(t)$
$t$ $\dot{\gamma}(0)$ $\eta(0)$







[12] [22] $\gamma(t)$ $M^{2}$
$t\in I\ovalbox{\tt\small REJECT}$ $A_{2}$
$A_{2}$ $\dot{\gamma}(t)(=d/dt)$
$\varphi(\dot{\gamma}(t))\neq 0$ $\gamma(t)$ $E$ 1 $n(t)$ of





$|_{-\prime}/_{=\vee.\sim}/^{\ddot{\text{ }}} \bigwedge_{arrow,\backslash ..1_{L}^{\vee}...\cdot.\nearrow}-\cdot|$
8:
( $n(t)$ $\varphi\circ\gamma(t)$ $E$
)
$\kappa_{\varphi}(t)=-sgn(d\lambda(\eta(t)))\frac{\langle D_{\dot{\gamma}(t)}n(t),\varphi(\dot{\gamma}(t))\rangle}{|\varphi(\dot{\gamma}(t))|^{2}}$ , (13)
$\gamma(t)$ ( ) $\eta(t)$ $\gamma(t)$
$\{\dot{\gamma}(t),\eta(t)\}$ $M^{2}$ $TM^{2}$
$d\hat{A}=\lambda du\wedge dv$ , $dA=|\lambda|du\wedge dv$ (14)
$M^{2}$ 2 2 $M^{2}$
$M_{+}:=\{p\in M^{2} :dA_{p}=d\hat{A}_{p}\}$ , $M_{-}:=\{p\in M^{2} :dA_{p}=-d\hat{A}_{p}\}$
2 Gallss-Bonnet
$( \chi_{E}=)\frac{1}{2\pi}\int_{M^{2}}Kd\hat{A}_{\varphi}=\chi(M_{+})-\chi(M_{-})+S_{\varphi}^{+}-S_{\varphi}^{-}$, (15)
$2 \pi\chi(M^{2})=\int_{M^{2}}KdA_{\varphi}+2\int_{L_{t\prime}}\kappa_{\varphi}d\tau_{\varphi}$ , (16)
12 2 Gauss-Bonnet $\varphi$ (8)
(15) (16) (8)






















13 (Quine [21]) $M^{2}$ $N^{2}$
2 $f$ : $M^{2}arrow N^{2}$ $C^{\infty}$-
$\deg(f)\chi(N^{2})=\chi(M_{f}^{+})-\chi(M_{f}^{-})+S_{f}^{+}-S_{f}^{-}$,









$f$ : $M^{2}arrow N^{2}$
$C^{\infty}$-
$2 \pi\chi(M^{2})=\int_{M^{2}}(K_{N^{2}}\circ f)|f^{*}dA_{g}|+2\int_{\Sigma_{f}}\kappa_{s}d\tau$ .
$K_{N^{2}}$ $(N^{2}, g)$ Gallss







15 (Levine [16]) $M^{2}$ 2
$f$ : $M^{2}arrow R^{2}$ $C^{\infty}$-
$f$ $M^{2}$





$M^{2}$ 2 $f$ : $M^{2}arrow$




$( \chi_{E}=)\frac{1}{2\pi}\int_{M^{2}}K_{f}d\hat{A}_{f}=\chi(M_{+}^{f})-\chi(M^{\underline{f}})+S_{+}^{f}-S^{\underline{f}}$ , (17)
$( \chi_{E}=)\frac{1}{2\pi}\int_{M^{2}}K_{\nu}d\hat{A}_{\nu}=\chi(M_{+}^{\nu})-\chi(M_{-}^{\nu})+S_{+}^{\nu}-S_{-}^{\nu}$ , (18)
$\int_{M^{2}}K_{f}dA_{f}+2\int_{L_{f}}\kappa_{s}^{f}d\tau=2\pi\chi(M^{2})$ , (19)
$\int_{M^{2}}K_{\nu}dA_{\nu}+2\int_{\Sigma_{\nu}}\kappa_{s}^{\nu}d\tau=2\pi\chi(M^{2})$ , (20)







(1) Gallss Elller $\chi(\{p\in M^{2};K_{p}<0\})$ ,
23
(2) Gauss $\int_{M^{2}}K^{-}dA$ , $K^{-}:= \min(O, K)$ .
(1)
16 (Bleecker-Wilson [3]) $M^{2}$ 2
$f$ : $M^{2}arrow R^{3}$ $\nu:M^{2}arrow S^{2}$ $f$
Gauss $\nu$
$2\chi(\{K_{f}<0\})=S_{\nu}^{+}-S_{\overline{\nu}}$ ,
$S_{\nu}^{+}$ $:=$ { $\nu$ }, $S_{\overline{\nu}};=$ { $\nu$ }.





Gauss $\nu$ Jacobi $f$ $Ga\iota 1SS$








17 ( Bleecker-Wilson [27]) $f$ : $M^{2}(=S^{2})arrow R^{3}$








${\rm Im}(f)= \{(x, y, z)\in R^{3};\frac{x^{2}}{25}+\frac{y^{2}}{16}+z^{2}=1\}$ .
$\nu$
$f_{c}:=f+c\nu$, $c:= \frac{11}{2}$
${\rm Im}(f_{c})$ 9 4 $\chi(\{K_{\text{ }}<0\})=-2$
9:
Gallss
18 ([27]) $M^{2}$ 2
$f$ : $M^{2}arrow R^{3}$ $\nu$ : $M^{2}arrow S^{2}$ $f$ Gauss $\nu$
$\int_{\Sigma_{\nu}}\kappa_{\nu}d\tau=\int_{M^{2}}K^{-}dA(<0)$ ,
$K^{-}= \min(0, K)$ $\kappa_{\nu}$ $\nu$
( ) $f$ Gallss-Bonnet







17 $f$ $\nu$ 16
18
19 ([27]) $f:M^{2}(=S^{2})arrow R^{3}$ (






20 ([27]) $M^{2}$ 2
$f$ : $M^{2}arrow R^{3}$ $K>0$ $K<0$
$f$












Fact 21 (Brinkmann [4], Asperti-Dajczer [2])
$(M^{n}, g)(n\geq 3)$ Lorentz-Minkowski
$Q_{+}^{n+1}$ $.= \{(t,x^{1}, \ldots,x^{n+1})\in R_{1}^{n+2};\sum_{j=1}^{n+1}(x^{j})^{2}=t^{2}\}$
( )
$f$ $\nu$
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